In this paper, we introduce new implicit and explicit iterative schemes for finding a common element of the set of solutions of the mixed equilibrium problem and the set of fixed points of a k-strictly pseudocontractive non-self mapping in Hilbert spaces. We establish results of the strong convergence of the sequences generated by the proposed schemes to a common point of two sets, which is a solution of a certain variational inequality. Our results extend and improve the corresponding results given by many authors recently in this area. MSC: 47H05; 47H06; 47H09; 47H10; 47J25; 47J05; 49M05
Introduction
Let H be a real Hilbert space with inner product ·, · and induced norm · . Let C be a nonempty closed convex subset of H and S : C → C be a self-mapping on C. We denote by F(S) the set of fixed points of S, that is, F(S) := {x ∈ C : Sx = x}.
Let be a bifunction of C × C into R and ϕ : C → R be a function, where R is the set of real numbers. Then we consider the following mixed equilibrium problem (for short, MEP): finding x ∈ C such that (x, y) + ϕ(y) -ϕ(x) ≥ , ∀y ∈ C, (.) which was studied by Ceng and Yao [] (see also [] ). The set of solutions of the MEP (.) is denoted by MEP( , ϕ). We see that x being a solution of the problem (.) implies that x ∈ dom ϕ = {ϕ(x) < ∞}. If ϕ = , then the MEP (.) becomes the following equilibrium problem (for short, EP): finding x ∈ C such that (x, y) ≥ , ∀y ∈ C.
(  .  )
The set of solutions of the EP (.) is denoted by EP( ). http://www.fixedpointtheoryandapplications.com/content/2012/ 1/184 and that the nonlinear operator F : H → H is said to be ρ-Lipschitzian and η-strongly monotone, where ρ >  and η >  are constants, if
Fx -Fy ≤ ρ x -y and Fx -Fy, x -y ≥ η x -y  , ∀x, y ∈ H.
In a real Hilbert space H, we have
for all x, y ∈ H and λ ∈ R. For every point x ∈ H, there exists a unique nearest point in C, denoted by P C x, such that
x -P C x ≤ x -y for all y ∈ C. P C is called the metric projection of H onto C. It is well known that P C is nonexpansive and P C is characterized by the property
It is also well known that H satisfies the Opial condition; that is, for any sequence {x n } with x n x, the inequality lim inf n→∞ x n -x < lim inf n→∞ x n -y holds for every y ∈ H with y = x. For solving the equilibrium problem for a bifunction : C × C → R, let us assume that and ϕ satisfy the following conditions: (A) (x, x) =  for all x ∈ C; (A) is monotone, that is, (x, y) + (y, x) ≤  for all x, y ∈ C; (A) for each x, y, z ∈ C,
(A) for each x ∈ C, y → (x, y) is convex and lower semicontinuous; (A) for each y ∈ C, x → (x, y) is weakly upper semicontinuous; (B) for each x ∈ H and r > , there exist a bounded subset D x ⊆ C and y x ∈ C such that for any z ∈ C \ D x ,
(B) C is a bounded set. 
Lemma . [] Let C be a nonempty closed convex subset of H. Let be a bifunction from C × C to R satisfying (A)-(A) and ϕ : C → R be a proper lower semicontinuous and convex function. For r >  and x ∈ H, define a mapping T r : H → C as follows: 
is a nonexpansive mapping such that F(T) = F(S).

Lemma . []
Let {s n } be a sequence of non-negative real numbers satisfying
where {ξ n } and {δ n } satisfy the following conditions:
Lemma . []
Let {x n } and {z n } be bounded sequences in a real Banach space E and {γ n } be a sequence in [, ] which satisfies the following condition:
Suppose that x n+ = γ n x n + ( -γ n )z n for all n ≥  and
Then lim n→∞ z n -x n = . Lemma . In a real Hilbert space H, the following inequality holds:
The following lemma can be easily proven, and therefore, we omit the proof.
Lemma . Let V : H → H be an l-Lipschitzian mapping with a constant l ≥ , and F : H → H be a ρ-Lipschitzian and η-strongly monotone operator with constants ρ, η > .
That is, μF -γ V is strongly monotone with a constant μη -γ l. Proof First, we show that I -μF is strictly contractive. In fact, by applying the ρ-Lipschitz continuity and η-strongly monotonicity of F, we obtain for x, y ∈ H,
and so
Hence, S is a contraction with a contractive constant ς -tτ .
Main results
Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. Let V : H → H be an l-Lipschitzian mapping with a constant l > , and F : H → H be a ρ-Lipschitzian and η-strongly monotone operator with  < η ≤ ρ. Let  < μ < η ρ  and  < γ l < τ , where τ =  - -μ(η -μρ  ). Let {T r n } be a sequence of mappings defined as in Lemma . and S : C → H be a k-strictly pseudocontractive mapping. Define a mapping
Consider the following mapping Q n on H defined by
where α n ∈ (, ). By Lemmas . and ., we have
Since  <  -α n (τ -γ l) < , Q n is a contraction. Therefore, by the Banach contraction principle, Q n has a unique fixed point x n ∈ H, which uniquely solves the fixed point equation
Now, we prove the convergence of the sequence {x n } and show the existence of the q ∈ MEP( , ϕ) ∩ F(S), which solves the variational inequality
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H and be a bifunction from C × C → R satisfying (A)-(A). Let S : C → H be a k-strictly pseudocontractive non-self mapping such that F(S) ∩ MEP( , ϕ) = ∅. Let F : H → H be a ρ-Lipschitzian and η-strongly monotone operator with
. Assume that either (B) or (B) holds. Let {x n } be a sequence http://www.fixedpointtheoryandapplications.com/content/2012/1/184 generated by
where u n = T r n x n , y n = S n u n , and {r n } ⊂ (, ∞) satisfying lim inf n→∞ r n > . If {α n } and {β n } satisfy the following conditions:
Proof Note that from the condition (i), without loss of generality, we assume that α n τ <  for n ≥ .
First, we can show easily the uniqueness of a solution of the variational inequality (.). In fact, noting that  ≤ γ l < τ and μη ≥ τ ⇔ ρ ≥ η, it follows from Lemma . that
That is, μF -γ V is strongly monotone for  ≤ γ l < τ ≤ μη. So, the variational inequality (.) has only one solution. In what follows, we use q ∈ F(S) ∩ MEP( , ϕ) to denote the unique solution of the variational inequality (.). Now, take p ∈ F(S) ∩ MEP( , ϕ). Since u n = T r n x n and p = T r n p, from Lemma ., we know that
Moreover, from S n p = p, it follows that
Thus, we have
. Hence, {x n } is bounded, and we also obtain that {u n }, {y n } and {Vx n } are bounded. We note that
(  .  ) http://www.fixedpointtheoryandapplications.com/content/2012/1/184
Using Lemma ., we obtain
Then, from Lemma ., (.) and (.), we have
and hence
Since α n → , it follows that
From (.), we know that
is nonexpansive with F(T) = F(S). Notice that
By (.) and β n → λ, we obtain Consider a subsequence {u n i } of {u n }. Since {u n } is bounded, there exists a subsequence {u n i j } of {u n i } which converges weakly to q.
Next, we show that q ∈ F(S) ∩ MEP( , ϕ). Without loss of generality, we can assume that u n i q. Since C is closed and convex, C is weakly closed. So, we have q ∈ C. Let us show q ∈ F(T). Assume that q / ∈ F(T). Since u n i q and q = Tq, it follows from the Opial condition that
which is a contradiction. So, we get q ∈ F(T), and hence q ∈ F(S).
We shall show that q ∈ MEP( , ϕ). Since u n = T r n x n , for any y ∈ C, we have
It follows from (A) that
Replacing n by n i , we have
Since u n i -x n i r n i →  and u n i q, it follows from (A) that
Put z t = ty + ( -t)q for all t ∈ (, ] and y ∈ C. Then we have z t ∈ C and
By (A), (A) and (.), we have
Letting t → , by (A) we have for each y ∈ C,
This implies that q ∈ MEP( , ϕ). Therefore, q ∈ F(S) ∩ MEP( , ϕ).
On the other hand, we note that
It follows that
Hence, we obtain
This implies that
In particular, we have
Since x n i q, it follows that x n i → q as i → ∞. Now, we show that q solves the variational inequality (.). Since x n = α n γ Vx n + (I -α n μF)S n T r n x n , we have
It follows that for p ∈ F(S) ∩ MEP( , ϕ),
since I -S n T r n is monotone (i.e., x -y, (I -S n T r n )x -(I -S n T r n )y ≥  for all x, y ∈ H. This is due to the nonexpansivity of S n T r n ). Since x n -y n = α n γ Vx n -μFy n →  as n → ∞, by replacing n in (.) with n i and letting i → ∞, we obtain
is a solution of the variational inequality (.). Finally, we show that the sequence {x n } converges strongly to q. To this end, let {x n k } be another subsequence of {x n } and assume x n k → q. By the same proof as the one above, we have q ∈ F(S) ∩ MEP( , ϕ). Moreover, it follows from (.) that
(.)
Interchanging q and q, we obtain
Lemma . and adding these two inequalities (.) and (.) yield
Hence, q = q. Therefore, we conclude that x n → q as n → ∞. The variational inequality (.) can be rewritten as
By (.), this is equivalent to the fixed point equation
Now, we establish the strong convergence of an explicit iterative scheme for finding a common element of the set of solutions of a mixed equilibrium problem and the set of fixed points of a k-strictly pseudocontractive non-self mapping. 
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H and be a bifunction from C × C → R satisfying (A)-(A). Let S : C → H be a k-strictly pseudocontractive non-self mapping such that F(S)
where u n = T r n x n and y n = S n u n . If {α n }, {β n }, {r n } and {λ n } satisfy the following conditions:
(iv) {λ n } ⊂ (, ) and  < lim inf n→∞ λ n ≤ lim sup n→∞ λ n < , then {x n } and {u n } converge strongly to a point q ∈ F(S) ∩ MEP( , ϕ), which solves the variational inequality (.).
Proof First, from the condition (i), without loss of generality, we assume that α n τ < ,
-α n γ l <  and α n ( -λ n ) <  for n ≥ . We divide the proof into several steps as follows.
Step . We show that
Then from Lemma ., we have
From induction, we have
Hence, {x n } is bounded. From (.), {u n }, {y n }, {Vx n }, {Su n } and {Fy n } are also bounded.
Step . We show that lim n→∞ x n+ -x n =  and lim n→∞ u n+ -u n = . To show this, define
Observe that from the definition of z n ,
Thus, it follows that
On the one hand, we note that
Noticing that
from (.) we have
On the other hand, from u n+ = T r n+ x n+ and u n = T r n x n , we have
Putting y = u n in (.) and y = u n+ in (.), we obtain
By (A), we have
Since lim inf n→∞ r n > , we assume that there exists a real number c such that r n > c >  for all n ≥ . Thus, we have
where L = sup{ u n -x n : n ≥ }. Therefore, from (.), (.) and (.), we obtain
where M  is an appropriate constant such that Step . We show that lim n→∞ x n -y n = . Indeed, since
we have
that is,
So, from the conditions α n →  and (iv) and Step , it follows that
Step . We show that lim n→∞ x n -u n =  and lim n→∞ u n -y n = . Indeed, since T r n is firmly nonexpansive, for p ∈ F(S) ∩ MEP( , ϕ), we have
Then, by using the convexity of ·  , we have from (.) and (.),
x n+ -q  = α n γ Vx n + (I -μF)y n -p + ( -α n )(y n -p) + λ n (x n -y n )  ≤ α n γ Vx n + (I -μF)y n -p + ( -α n )(y n -p) + λ n x n -y n  ≤ α n γ Vx n + (I -μF)y n -p + ( -α n )(y n -p)  + λ n α n γ Vx n + (I -μF)y n -p + ( -α n )(y n -p) x n -y n + λ  n x n -y n  ≤ α n γ Vx n + (I -μF)y n -p  + ( -α n ) y n -p  + λ n x n -y n α n γ Vx n + (I -μF)y n -p + ( -α n ) y n -p http://www.fixedpointtheoryandapplications.com/content/2012/1/184 + λ n x n -y n ≤ α n γ Vx n + (I -μF)y n -p  + ( -α n ) u n -p  + M n ≤ α n γ Vx n + (I -μF)y n -p  + ( -α n ) x n -p  -x n -u n  + M n , (.) where M n = λ n x n -y n α n γ Vx n + μ Fy n + ( -α n ) y n -p + λ n x n -y n .
By
Step , we know that lim n→∞ M n = . Then from (.), we have
Since α n →  and x n -x n+ → , we obtain lim n→∞ x n -u n = . (.)
From
Step , we also have u n -y n ≤ u n -x n + x n -y n → , as n → ∞.
(  .   )
Step . We show that lim n→∞ Tu n -u n = , where T : C → H is defined by Tx = λx + ( -λ)Sx. We know that T is nonexpansive with F(T) = F(S) by Lemma .. Notice that Tu n -u n ≤ Tu n -y n + y n -u n ≤ |λ -β n | u n -Su n + y n -u n . By (.) and β n → λ, we obtain lim n→∞ Tu n -u n = .
Step . We show that Since {u n i } is bounded, there exists a subsequence {u n i j } which converges weakly to w. Without loss of generality, we can assume that u n i w. From Step  and Step , we obtain
